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Abstract
Cells are continuously exposed to physical stresses and strains from the Extracellular Matrix (ECM), thus, reﬁning through numer-
ical simulations the in vitro conditions during the cultures, may likely promote adequate tissue growth and remodelling [1].
This paper describes a simpliﬁed three-dimensional constitutive model of the mechanical behaviour of the living cells. The
necessary continuum mechanics background is skipped, along with derivations of the stress and spatial elasticity tensors for a
transversely isotropic and hyperelastic material. The particular form of the strain energy proposed by Weiss [2] is used to describe
the family of ﬁbers. Also, the implementation of hyperelastic materials resorting the commercial ﬁnite-element-software Abaqus
is discussed.
Numerical examples are presented that demonstrate the utility and eﬀectiveness of this approach. More speciﬁcally, homoge-
neous deformations are imposed and the results compared with the analytical solution. Also, the convergence rate is checked for
each case. Following, the use of UMAT routines using jacobian material matrices based on the Jaumann rate of Kirchhoﬀ stress
tensor ensured quadratic convergence rates.
c© 2015 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of IDMEC-IST.
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1. Introduction
Cells sense mechanical stimuli and respond biochemically resorting the mechanotransduction mechanisms. The
cells behaviour at bioreactors is highly inﬂuenced by the scaﬀold (material, architecture, cells distribution within,
coatings), by the use of trophic factors, and by the mechanical loading proﬁle at bioreactor.
Indeed, capture the mechanical response of an single cell restricted to move through an speciﬁc scaﬀold archi-
tecture and subjected to biological and chemical conditions is important to reach design parameters and to establish
safety factors into regenerative treatments. The design parameters can be obtained by the prioritization and focus on
the biomechanical properties of the native tissues and by identiﬁcation of the cells mechanisms during the regenerative
treatment, bringing success cases in a near future. However, achieve those design parameters is not a trivial task and
many challenges still remain regarding: the control of the in vitro cultures in bioreactors, the manufacturing processes
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of the scaﬀolds, and the computational methods to provide frameworks to understand the mechanostransduction pro-
cesses.
At a ﬁrst instance, adherent cells encompass a passive nonlinear rheological response [3]. Constitutive hyperelastic
models describe the energetic terms of the mechanical behaviour. The strain energy density function (or strain-energy
function) correspond to the free Helmholtz free energy of the body undergoing deformation, per its unit volume, and
can be expressed uniquely in terms of the principal stretches or in terms of the invariants of the left Cauchy-Green
deformation tensor or right Cauchy-Green deformation tensor. Considering imcompressible and isotropic hyperelastic
materials, with isothermal behaviour for quasi-static solicitations, the strain-energy function just depends on initial
and ﬁnal state of the deformation history. Ronald Rivlin and Melvin Mooney developed the ﬁrst hyperelastic models.
Later, the Neo-Hookean, Ogden, and Arruda-Boyce elastic solids came out, among others.[4–9]. The strain-energy
function is obtained by symmetry, thermodynamic, and energetic considerations. Thus, the set of coeﬃcients of the
strain-energy function must be obtained experimentally.
2. Transverserly Isotropic Material
The Neo-Hooke material can be presented in the following form
U
(
I¯1, J
)
= Uiso
(
I¯1
)
+ UJ (J) = C10(I¯1 − 3) + 1D (J − 1)
2 (1)
Considering ﬁbres, the unit vector ﬁeld a0a in the undeformed conﬁguration that describes the local ﬁber direction
inﬂuences the strain energy value for a certain material point. In this case, the strain energy can be expressed as
a function of the right Cauchy-Green deformation tensor and the structural tensor a0a ⊗ a0a, resulting in a diﬀerent
behavior in the ﬁber direction [2]
U = U
(
C, a0a ⊗ a0a
)
(2)
Weiss et al. [2] suggested a constitutive model that uses a strain energy function of the form
U = UJ (J) + Uiso
(
I¯1, I¯2
)
+ Uf
(
I¯4
)
(3)
The ﬁber contribution is given by
Uf = C3
(
e(I¯4−1) − I¯4
)
(4)
and the ground substance (isotropic) (Uiso) and volumetric contributions (UJ) are the same announced for the
Neo-Hooke material.
3. Cauchy Stress Tensor and Material Jacobian Matrix
Within the UMAT subroutine, the current Cauchy stress tensor STRESS and the Jacobian matrix of the constitu-
tive model DDSDDE based on the speciﬁc strain energy of the material are deﬁned. After the call for the current
integration point, the UMAT update the Cauchy stress tensor, the state variables resorting the current state (if there is
any dissipative mechanism during the deformation history) and the material Jacobian matrix. For user-deﬁned quasi-
incompressible materials the penalty method is usually adopted. However, to guarantee quadratic convergence of the
solutions in the underlying Newton-Raphson scheme and in the context of the commercial ﬁnite-element-software
Abaqus, the particular choice of stress tensor and tangent moduli is prescribed by Abaqus, namely, the consistent
tangent moduli must be explicitly calculated based on the Jaumann rate of the Kirchoﬀ stress tensor [10].
The related spatial rate-constitutive equations in form of the Lie derivative of the Kirchhoﬀ stress read
Lvτ = cτ : D (5)
where cτ is the spatial elasticity tensor and D is the symmetric part of the velocity gradient, commonly denoted as the
rate of deformation tensor [11].
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Formulating in terms of the Jaumann stress rate
◦
τ = τ˙ −W · τ − τ ·WT (6)
results in
Lvτ = ◦τ−D · τ − τ · D (7)
Relation 5 together with 7 results in
◦
τ =
◦
cτ : D with
◦
cτ = cτ + I⊗τ + τ⊗I (8)
The corresponding tangent moduli conjugate to the Cauchy stresses σ = J−1τ read
◦
c =
1
J
◦
cτ (9)
or even
◦
c =
1
J
∂
◦
τ
∂D
(10)
This fourth order tensor does not generally possess minor symmetry, so, generally only its fully symmetric part is
taken into account [10,12].
◦
csym =
◦
c+
1
2
[
I⊗σ + σ⊗I + I⊗σ + σ⊗I
]
(11)
For a purely mechanical system and assuming that the material is elastic, the rate of dissipation in the Clausius-
Duhem condition should vanish, which implies that
σ : D − ρU˙ = 0 (12)
Considering the speciﬁc strain energy function U as a function of the determinant of the deformation J = det (F),
the ﬁrst and second invariants of B¯, the squared of the isochoric stretch of the ﬁbers ¯I4,α, and of the true strech of the
ﬁbers λ f ,α
U = U
(
J, I¯1, I¯2, I¯4,α, λ f ,α
)
(13)
We can now back to the Clausius-Duhem condition and apply the chain rule. Thus,
σ : D =
1
J
[
∂U
∂J
J˙ +
∂U
∂I¯1
˙¯I1 +
∂U
∂I¯2
˙¯I2 +
∂U
∂I¯4,α
˙¯I4,α +
∂U
∂λ f ,α
λ˙ f ,α
]
(14)
Using equation 14 on equations 6 and 10 it is noticed that once the derivatives of U with respect to I¯1, I¯2, I¯4,α,
and λ f ,α are explicitly deﬁned, the transversly hyperelastic material with one family of ﬁbers can be derived. The
exposed formulae can be applied for any hyperlastic material model, conferring a generalist framework for further
developments.
4. Results
The numerical tangent moduli from equation 10 and the Cauchy stress tensor obtained form equation 6 are
implemented in Abaqus via UMAT for Neo-Hooke, Mooney-Rivlin, and Ogden ground substances and the ﬁbre-
reinforcement proposed by Weiss.
The goal of this example is the validation of the numerical implementation of the FORTRAN code by comparing
with the analytical solutions. On this matter, the stress ﬁeld and the total number of iterations for each time increment
used by the solver are registered. In this way, the results are computed for each material model considering 2 distinct
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homogeneous load cases, namely: uniaxial tension and equibiaxial. A unique C3D8H element (8-ndode linear, hybrid
with constant pressure) of unit length (L = 1) is used by imposing the boundary conditions and loads for each
homogenous stress state.
The deformed conﬁgurations of the element are presented in the Figure 1, where it is veriﬁed that the boundary
conditions were correctly imposed. For this example, the ﬁbre direction is aligned, at least, with one direction of the
applied force.
Figure 1: Deformed geometrical conﬁguration for the 2 load cases: uniaxial tension and equibiaxial.
The analytical solution for the Cauchy tensor is obtained by [2]
σ = pI +
2
J
[(
∂U
∂I¯1
+
∂U
∂I¯2
I¯1
)
B − ∂U
∂I¯2
B2 +
∂U
∂I¯4
I¯4aa ⊗ aa − 13
(
∂U
∂I¯1
I¯1 + 2
∂U
∂I¯2
I¯2 +
∂U
∂I¯4
I¯4
)
I
]
(15)
where p is obtained applying the boundary conditions of the problem. The analytical solution where obtained
resorting the Mathematica software.
Regarding the hyperelastic properties, the coeﬃcients of the strain-energy function are C10 = 10.0, C3 = 100.0 and
D = 0.0002.
Figure 2 show the Cauchy stress in the ﬁbre direction and the Relative error (in percentage) for the uniaxial tensile
stress state considering the Neo-Hooke (NH) material models as the ground substance. In its turn, Figure 3 and show
the Cauchy stress and the Relative error (in percentage) for the equibiaxial stress state.
1 1.1 1.2 1.3 1.4 1.5 1.6
0
500
1,000
1,500
2,000
Stretch λ
C
au
ch
y
st
re
ss
σ
yy
NH uniaxial tension analytical
NH uniaxial tension
0
0.1
0.2
0.3
0.4
0.5
R
el
at
iv
e
E
rr
or
(%
)
Relative error
Figure 2: Cauchy stress σyy and Relative Error (%) as a function of the stretch λ in the y-direction for the uniaxial tensile stress state.
6   Joa˜o Ferreira et al. /  Procedia Engineering  110 ( 2015 )  2 – 7 
1 1.1 1.2 1.3 1.4 1.5 1.6
0
500
1,000
1,500
2,000
Stretch λ
C
au
ch
y
st
re
ss
σ
NH equibiaxial σyy analytical
NH equibiaxial σyy
NH equibiaxial σxx analytical
NH equibiaxial σxx
0
0.2
0.4
0.6
0.8
1
1.2
R
el
at
iv
e
E
rr
or
(%
)
σyy Relative error
σxx Relative error
Figure 3: Cauchy stresses and Relative Error (%) as a function of the stretch λ in the y-direction for the equibiaxial tensile stress state.
For both examples, quadratic convergence were ensured. Finally, Figure 4 show qualitatively the structural rein-
forcement in the ﬁbres direction in the uniaxial tensile state.
(a) Deformed conﬁguration with aligned ﬁ-
bres
(b) Deformed conﬁguration with misaligned
ﬁbres
(c) Deformed conﬁguration with perpendic-
ular ﬁbres
Figure 4: Deformed conﬁguration for diﬀerente ﬁbres orientations.
5. Conclusions
The use of UMAT routines using jacobian material matrices based on the Jaumann rate of Kirchhoﬀ stress tensor
ensured quadratic convergence rates. The work presented on this paper provides a general framework for further
developments regarding the material behaviour of the living cells.
For future works, the ﬁbers contribution should be modiﬁed to capture more accuraterely the f-actin network behav-
ior. In fact, based on the results of the mechanical experimental tests, the active behaviour related to the polymerisation
and phosphorization of the actin ﬁlaments have a crucial role on the overall mechanical response [1].
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